Understanding Supersymmetry EO®®O

The Superfilm Club, Summer 2021 @ ¥ A& R Compiled @ 2023/09/14

This is a note for our recreational journal club on supersymmetry (SUSY). It is not meant to
be self-contained; rather it’s aimed to be an outline and a supplement for the main references listed
below. We try not to repeat the main references too much, but to document our new understandings
and additional references on relevant subjects.
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1 Algebra & Unitary Representations

Speaker: Yanyan “Handsome” Li
References:

1. Argyres, 1996 [1], §5
2. Wess & Bagger, 1992 [5], Chapter II

The generic form of a 4D SUSY algebra with central charge is given by [5]:

{an Qo’z,j} = 2ogdpu($§'7 {an QJQ} = 26&BZij (11)
Here i, j labels N' “flavors” of SUSY. For minimal SUSY we have A" = 1, and we can drop the i, j
indices. Also Z% = —Z7% so there is no central extension when N = 1.

Q is understood as the “square root” of P. Note that it’s been a fine tradition® of physicists (and
experimental mathematicians) to take the square root of un-rootable things. For example, v/—1 gives
us i, and v/O2 = /=P, PF gives us the v matrices (thanks to Dirac). On the other hand, the energy
P is now written as a sum of |Q|2, which guarantees its positivity. See §9 of Argyres, 1996 [1].

Remarks:

1. @ carries a spinor index « (or &), so it lives in the spinor representation of the Lorentz group,
or equivalently, the fundamental (spin—%) representation of the Spin group?.

2. The structure of this algebra can be generalized to D dimensions. In general, ) transforms as
a (symplectic)® (pseudo)* Majorana spinor.

3. Complex conjugation maps Q, ++ Q4. The supercharges have to live in a real representation,
where both @, and Qg4 are included. Otherwise they can’t combine into the Hermitian P,.
Here we’ve chosen to write the 4D charges as Weyl spinor @, with 2 complex components,
but they are not actually Weyl; they are secretly Majorana with 4 real components. The
translation between these two descriptions is documented in §3.4.2 of Supergravity [4].

4. (Qa,Qs) act like (fermionic) annihilation and creation operators (ladder operators). We can
write down its unitary irreducible representations (unitary irreps) on the Hilbert space, fol-
lowing Wigner’s little group representation for the Poincaré group.

LR RAE L.

See a surprisingly good summary of the topic on Wikipedia: Representation theory of the Lorentz group # Finite-
dimensional representations.

Note that higher spin supercharges are not allowed, since they cannot combine into P, or J,, but they must, due
to Coleman—Mandula. Moreover in 4D higher spin charges simply violate Haag—FLopuszariski-Sohnius (the SUSY
extension of Coleman—Mandula). A thorough introduction of this is given in §32 of Weinberg, 2000 [11], Vol.III.
See also physics.stackexchange.com/a/418025.

Symplectic Majorana happens when the metric signature p—q = 3,4,5 mod 8. See e.g. Figueroa-O’Farrill, 2015 [(],

or §3.3 and §12.1 of Supergravity [1], or Mauricio Romo’s lecture notes. In Lorentzian signature (p = D —1,q = 1),
this corresponds to D = 5,6,7 dimensions; see e.g. Table B.1 of Polchinski, 1998 [12]. A worked example in 6D is
given by [13].

Also, higher form central charges are possible in higher dimensions.

Pseudo-Majorana spinors exist for spacetime signature (p, q) if and only if Majorana spinors exist for (q,p). See
Figueroa-O’Farrill, 2015 [6] and §3.3 of Supergravity [4].

From now on we will not distinguish between pseudo-Majorana and Majorana spinors, as they are both “real” under
charge conjugation, which we will define in §1.1.
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1.1 More on conjugations

The bar in e.g. Q denotes some sort of conjugation. In 4D it usually means Dirac or charge
conjugation. Dirac spinors exist in any dimension, but let’s first look at even dimensions, where a
Dirac spinor can always be decomposed into 2 Weyl spinors:

¥* = (A% Xa) (1.2)
This is because in even dimensions we have a chirality operator T" [12]:
D=2k+2, T=i*r°...r°-1 r12=1 (I, T*}=0 (1.3)

I" is the generalization of 75 in 4D, and serves as a chirality operator that distinguishes the left and
right handed part of a Dirac spinor. This gives us Weyl spinors with a definite chirality. We can then
diagonalize I" such that it’s all +1 on the upper half diagonal, and all —1 on the lower half diagonal.

There is no such chirality operator in odd dimensions, therefore in odd dimensions we don’t have
Weyl spinors at all, and there are only (symplectic) (pseudo) Majorana spinors. For example, in 5D
5 itself gets “promoted” to be the last v matrix®.

Back to even dimensions where 1°* = (A%, X4 ), we have, up to various constant coefficients (which
may depend on the dimension D),

Type of Conjugation P* = (A% Xa) Notes
Complex (v™)* ~ (A% Xa) Exchange o with &
Dirac (i y0)e ~  (Xa,2\Y) Switch chirality (handedness)
Majorana (/C)e = (¥TC)e ~ (Ao, x*)D=4,
~  (Xa, 5\0‘) D=2, -+ Transpose (dual representation)
Charge (io C~p*)® ~ (X%, Aa) D=4,
~ (A\* Xa)D=2, --- [Majorana] ™! o [Dirac]

Remarks:

e In components, the bar notation is actually redundant. It simply indicates that we have taken
some sort of conjugation [4]. To know what kind of conjugation this is, we have to read the
indices.

— Dotted indices such as & denote the complex conjugate representation.

— The position of an index indicates how it transforms under the Spin group (covariant
spinor or its dual).

e ('°, is the charge conjugation matrix, while Cee is the corresponding bilinear form. Coee works
like a metric, and is used to raise and lower the spinor indices. It is anti-symmetric, compatible
with the anti-commuting .

e (C is sensitive about the dimension D, and so is the Majorana conjugation. For example, in
4D C is block diagonal, thus it does not switch A with x. In 2D, however, C is basically the
antisymmetric €,4, therefore it does switch A with x.

5 For more on this, see §3.1.7 of Supergravity [4].
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1 ALGEBRA & UNITARY REPRESENTATIONS 5

e In 4D, charge conjugation is basically Dirac conjugation, but without the lowering of indices
with C. We see that in 4D, when A = Y, v is invariant under charge conjugation: ¢ = 1.
This is the reality condition, and ¥ = (x%, X&) is a Majorana spinor.

In 2D, on the other hand, we see that Majorana conjugation is basically Dirac conjugation, but
without the complex conjugation o <+ &. Therefore, charge conjugation is basically complex
conjugation. The reality condition ¢ = ¢ now reduces to \* = X, x* = x. This gives us 2
independent Majorana—Weyl spinors.

e Charge conjugation is convenient as it preserves the ordering of matrices (since it does not
include a transpose). One can think of it as a physical replacement for the naive complex
conjugation.

e When the indices are suppressed, matrices are assumed to be contracted with C. In this case
we do need to specify the meaning of ).

In 4D we usually take 1 to denote Dirac conjugate, as in §2 of Supergravity [1]. However,
since §3 they switch their conventions and 1) denotes Majorana conjugate instead®. Polchinski,
1998 [12] seems to consistently define ¢ as Dirac conjugate”.

- B

These have always been confusing concepts for me. For a friendly introduction to Majorana
spinors in 4D, check out Pal, 1006.1718 [14]. For a pedagogical treatment in general dimensions, see
§2 and §3 of Supergravity [1]. One can then compare it to the results in 4D, discussed in Appendix A .4
to A.8 of Figueroa-O’Farrill, hep-th/0109172 [2]. See also Tachikawa, 1812.08946 [3]. Fortunately
their conventions seem to agree with each other, for most of the time.

1.2 Equal amount of bosonic & fermionic (excited) states
() maps bosonic states to fermionic states, and vice versa. We thus have:

(~1)FQ = -Q(-1)F (1.4)

F is the fermion number operator. (—1)¥ can be explicitly constructed from a 27 rotation [1, 15]:
(—=1)F = e?™"/=_ This follows from the fact that spin-3 objects gain a (—1) factor under a 27 rotation.

On the other hand, recall that @) acts as a ladder operator, therefore:

FQ=Q(F+1), ie. [FQ]=+Q (1.5)

The “+” sign corresponds to Q4, while the “~” sign corresponds to Q. (1.4) can thus be understood
as the exponential of (1.5), i.e. (—=1)F = ™" = e=imF

(—l)FQ (_1)F — einQe—iTrF — e:l:i,‘n'Q — _Q (16)

There is more story behind (1.5); in fact, F' generates an automorphism of the SUSY algebra. It
is part of the R-symmetry, and can be added to the algebra as an extension. In Lorentzian 4D, the

6 See §3.2 of Freedman & Van Proeyen, 2012 [4].
7 See (B.1.29) of Polchinski, 1998 [12], Vol.IL.
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maximal amount of R-symmetry is U(N), and F is the generator of the central U(1) subgroup:
UWN) =TU(1) x SUW) (1.7)

U(N) comes from the maximal extension of the SUSY algebra. It is common that, given a specific

theory, only some of the R-symmetries are preserved, while others are broken. Even the fermion

number eF € U(1) can be broken, but it seems that the Zy subgroup generated by €™ = (—1)F

always survives [citations needed].

- e

Using (1.4) along with a bit of algebra [5], we find that:
0="Tr ((~1)7{Q%, Qas}) = 204,8: Tr ((~1)7 P, (1.8)
This implies that for fixed P, # 0 we have:

Trp(—1)" =0, Hp={|P.)} (1.9)

This means that we have equal amount of bosonic & fermionic (excited) states at each energy
level in a SUSY theory. Note that for ground states P, = 0, we don’t necessary have Tro(—1)" = 0.
In fact, this is precisely the Witten index [15]:

Tr(—1)FePH (1.10)

Here the trace goes over the entire Hilbert space, but only the zero energy ground states actually
contribute, since excited states are all paired up and canceled. The e #H factor can be understood as
regularization, and the final answer should simply be Tr (—1)¥ = Tro(—1)¥ with no 8 dependence.
In fact, it’s also robust under small deformations of the theory, i.e. it’s a topological invariant of the
theory.

e If one finds that Tr(—1)F # 0, that means there is at least one zero energy ground state,
namely, SUSY is unbroken.

e On the other hand, if SUSY is spontaneously broken, then there are no zero energy ground
states, so Tr (—=1) =0—-0=0.

e It’s also possible to have Tr (—1)F = 0 while SUSY is unbroken, namely the ground states also
pair up exactly: Ng = Np. However, practically speaking, SUSY is broken, since if not, an
arbitrarily small perturbation by a relevant operator will give energy to the ground state, thus
breaking SUSY [1].

1.3 Witten index & elliptic genus

The Witten index can actually be understood as the index of an operator [15]. We may split the
Hilbert space H of our theory into bosonic and fermionic subspaces:

H=HpPHF, (1.11)

Q(Hp) = Q(Hr), Q(Hr)= Q' (Hp), (1.12)

Here we’ve used the self-adjoint Majorana super charge (), which decomposes into:

Q:Hp — Hr, Q:Hr — Hp, (1.13)
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1 ALGEBRA & UNITARY REPRESENTATIONS 7

Zero energy bosonic states are zero-modes of M, while zero energy fermionic states are zero-modes
of M*t. We see that the Witten index is precisely the index of M:

Tr(-1)F = Np — Np = dimker Q — dim ker QT (1.14)
For more on this, check out the first few sections of the original paper: Witten, 1982 [15].

- B

A more refined invariant in 2D that involves only the left-moving (or right-moving) part of theory
is the elliptic genus. For 2D N = (2,2) superconformal theory (SCFT), the fermion number:

F=Fy=Jy+ Jo (1.15)

Here J(z), J(2) are bosonic currents. They can be understood as the infinite dimensional enhance-
ment of the R-symmetry generators in an SCFT, while their 0-modes Jy,.Jy corresponds to the
original R-symmetry generators in the SUSY algebra. Fy = Jy + Jy is the U(1)y generator, while
Fy = Jo — Jo is the U(1)4 generator. The subscript V stands for “vector”, meaning that the su-
percharge @ transforms as a vector with index i under the U(1)y action: all components labeled
by i gains the same phase shift under U(1). The subscript A stands for “axial”, meaning that Q°
transforms in an axial representation of U(1), where the group action discriminates between left and
right-handed components®.

We can now define the elliptic genus, which looks just like the Witten index but with an additional
insertion 3”0, while the trace is restricted to the R-R sector:

BG(r,2) = Trp (1) Floqla-figho-z), = ¢ (119

Here R-R stands for Ramond-Ramond, i.e. left and right-moving states both with periodic boundary
conditions along the spatial cycle’. For a review on this, see e.g. [16].

z is understood as the chemical potential associated with the charge Jy. Note that there is no
7 dependence in EG, for the same resaon that there is no 5 dependence in the Witten index. Also
the elliptic genus gets reduced to the Witten index when we take z = 0, and in this case the 7,7
dependences all drop out; here we note that although we often trace over the entire R-R sector for
the Witten index, only the supersymmetric R-R ground states actually contributes.

On the other hand, for general z the elliptic genus counts states that are R ground state on the
one side, but includes R excited states on the other side. It contains a lot more information but still
has the rigidity property of the Witten index which makes it possible to compute for many SCFTs,
and as such it offers a good balance between information content and computability.

Geometrically, the elliptic genus is a generalization of the usual genus. In particular, for z = 0
we recover the Witten index, which evalutates to the Euler characteristic x(M), where M is the

This might generate some confusions when compared to 4D: if we think of Q,Q as two components of a Majorana,
spinor (in the Weyl basis), then the fermion number U(1) looks like an azial symmetry, as is given in (1.5). This is
indeed the case in 4D, where charge conjugation switches Q and Q, as described in §1.1. We will come back to this
in §6.1, where we discuss axial anomaly.

However, charge conjugation in 2D looks very different: it actually switches between Q4+ and Q—, where “+” is the
N = 2 indices. This is consistent with our discussions in §1.1. For example, a chiral (2,0) theory is constructed not
by throwing away Q, but by throwing away Q_ and Q_; see §12.5.2 of Mirror Symmetry [3].

)F

In the path integral formalism, the thermal circle is also periodic due to the (—1)* insertion.
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target manifold'®. This is due to the fact that Q gets identified with the de Rham differential “d”
on the target M. This should become apparent as we introduce the superfield formalism and K&hler

geometry in §2.

1.4 Representations of the SUSY algebra

We've noted that (Qq,Qs) act like ladder operators, therefore we can construct a highest weight
representation starting from some Clifford vacuum |QQ) that is annihilated by Q.,« = 1,2, and also
J., which is the angular momentum along the z direction.

Note that |Q) is only a highest weight state in a representation of the {Q, @} subalgebra, defined

in the comoving frame of a particle; it is not the Poincaré invariant vacuum |0) that we usually talk
about in QFT.

For 4D N = 1, suppose |Q) has spin j, namely J, |Q) = j|Q2), then we have:

e Massive representation:
Q) Qa=1219), Qi1Q5|) (1.17)

ie. a1+ 2+ 1 =4 dimensional representation of the {Q, @} subalgebra. Note that this is not yet
invariant under the little group Spin(3) D SO(3). For that we need to include the Spin(3) descendents
by acting on the angular momentum lowering operator J_.

Before actually doing that, let’s first look at the spin of these states. The J, eigenvalue for these
states can be read out from the [J,, Q4] commutator. Recall that Qg itself carries a spinor index &,
namely it also lives in a representation of the Lorentz group! The result is that!'! Qa:m |Q) will be
a Spin(3) highest weight state of J, eigenvalue j + %,

Jo (1, Qacrz, @1Qs)19) = (j j 4, 5) 1) (118)

— Chiral multiplet {¢, 1, }: for j = 0, the £3 states actually combine to live in a single Spin(3)
fundamental representation, denoted as % In terms of field content, we have 1 Weyl spinor 1,
and 2 real scalars ¢ 2, which can be combined into 1 complex scalar ¢. These are “quarks”
and “squarks”.

— Vector multiplet {¢', v, Ao, A, }: for j = 1, the j £ 1 = 0,1 states and their Spin(3)
descendants live in a 0 @ 1 representation of Spin(3). In terms of field content, we have 1 real
scalars ¢’, 1 massive vector A;“ and 2 Weyl spinors ¥, Aq.-

In general, the j:t% states and their Spin(3) descendants live in a (j — %) &) (j + %) representation
of Spin(3). We can check that the degrees of freedom indeed match:
J )k 7(347 O } — 1 iy 1
{7y Qamal) (-3 @ (+1)
2x(25+1) = 2@ -

(1.19)
)+1 + 2(+3)+1

(SIS

10 See Chapter 10.4 of Mirror Symmetry [3], or Witten, 1982 [15]. See also [17] and:

e physicsoverflow.org/23261
e physics.stackexchange.com/a/183620

11 See Mauricio Romo’s lecture notes, and also [18].
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1 ALGEBRA & UNITARY REPRESENTATIONS 9

Here J_ is the Spin(3) lowering operator. Namely, including the Spin(3) descendants, the dimension
of the super x Spin(3) representation is thus 4 x (2j +1). Note that for j = 0 the situation is special;
in that case we simply have:

{Q1|Q>, Qs 1Q) x J_ Q4 |Q>} _

2x(2x04+1) = 2(

—~
N[
~—

(1.20)

[N
~—
+
—

e Massless representation:
), Qa=1]) (1.21)
ie. a1+ 1 = 2 dimensional representation of the {@Q, @} subalgebra. They have helicity A, A + %
Combined with their CPT conjugates, we have 4 states with helicity: £\, :I:()\ + %)

— Chiral multiplet {¢,¢,}: for A = 0, we have 2 real scalars ¢12 (or 1 complex scalar ¢)
and 1 Weyl spinor 1,. Note that the field content is precisely the same as the massive chiral
multiplet.

— Vector multiplet {\,, A4,}: for A = %, we have 1 massless vector A4, and 1 Weyl spinor A,.
These are gauge bosons and “gauginos”. Note that this multiplet is significantly “smaller” than
the massive vector multiplet.

Starting with higher spin Clifford vacua results in multiplets with spins higher than 1. This is
undesirable for massless particles in non-gravitational theories, due to Weinberg—Witten!2.
Also, the multiplets grow large if we have extended SUSY, and the massless representation con-

tains states with helicity A,--- , A + %/ [18].

e 16 supercharges without gravity: |A| < 1, |)\ + %[’ < 1, which give us N' = 4 in 4D. There
are in total 16 supercharges: {Q%,Qs,;}ij=1,--4- In fact 16 is the maximal amount of SUSY
in any dimension, if we want spin < 1.

e 32 supercharges with gravity: |A\| < 2, |/\ + %/| < 2, which give us N/ = 8 supergravity
(SUGRA) in 4D. Similarly 32 is the maximal amount of SUSY in any dimension, if we want
spin < 2. For example, in 11D N = 1 we have precisely 32 supercharges, and the SUGRA
multiplet is the smallest multiplet. Therefore the maximum dimension for SUGRA is 11.

Note that these massless supermultiplets have helicity —|A|,-- - ,|A| and is thus CPT self-conjugate.

- e

We actually care more about the massless representations and less about the massive ones. The
reason is that massless representations are considered more “fundamental”, since masses are usually
generated dynamically through spontaneous symmetry breaking. This philosophy is discussed in

later sections in more details.

For 4D N = 1, we can already see this by counting degrees of freedom:

(massless chiral) @ (massless vector) = (massive vector)
{¢,tha} S2 {Aas Au} = ¢, va, Ao, A}

This is indeed the case dynamically: massive vector multiplets arise by a supersymmetric analog of

(1.22)

the Higgs mechanism [1]. ¢ is like the complex Higgs field. One component (the Goldstone mode) of

12 See e.g. physics.stackexchange.com/a/15164.
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¢ gets “eaten” by the gauge field A, through symmetry breaking. The degrees of freedom combine
into the massive vector A;L. The other component of ¢ remains as the real scalar ¢'.

2 Superspace & Superfields

Speaker: Ban “Bo” Lin
References:

1. Argyres, 1996 [1], §6 & §9
2. Mirror symmetry [3], Chapter 12

Superspace & superfields encode the SUSY transformation implicitly, so we can write down
manifestly SUSY-invariant actions. This is exactly similar to how we write down diff-invariant
actions in usual QFT.

A generic superfield will give a reducible representation of the superalgebra. To get an irreducible
representation (irrep), we must impose a constraint on the superfield which (anti-)commutes with
the superalgebra. There are two possibilities for 4D N = 1:

1. Reality condition: V =V, this gives us the vector superfield; see §10.1 of Argyres, 1996 [1].
We shall revisit this in §6. For now we will proceed to the next condition, which is:

2. Chirality condition:
Dy®=0 & &=9(y0), y'=a"+ibc"0 (2.1)
This gives us the chiral superfield ®. It can be expanded in components as follows:

D = p(y) + V201(y) + 0°F(y)

(2.2)
=o¢(x)+ -+ 60°F(x)

Note that the first line is not the end of the story; to get to the actual component fields we
have to write everything in terms of (z,6), like in the second line.

For 4D N =1, a generic SUSY-invariant Lagrangian of the chiral superfields ® is given by:
L= /d4eic(<1>,<i>) +/d29W(<I>) +/d2§W(<i>) (2.3)

® can be a collection of chiral superfields ®*, but here for simplicity we’ve dropped the a indices.

1. K(®, ®) is the Kihler potential and gives us the kinetic terms of the component fields. The
target automatically becomes a Kéhler manifold where the component field ¢ is the target
coordinate. A non-degenerate kinetic term corresponds to a positive definite metric [3]:

0
= 5

On the other hand, the fermion fields ¥ are naturally interpreted as vectors in the tangent
space to the Kéhler manifold:

Y, 1p € (B, ¢*TM ® C) (2.5)

Here I'(¥, —) stands for sections of some bundle over ¥. See e.g. Mirror Symmetry [3].
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3 HOLOMORPHY AND NON-RENORMALIZATION 11

2. W(®) is the superpotential; it is holomorphic w.r.t. ®, and it generates the potential and
interaction vertices for the component fields. It’s also called an F-term, probably due to the
fact that:

For W = &, /d29W = F(x) (2.6)

Here F(x) is the last component of a chiral superfield (2.2). Generally, we have:

/d29 W(D") = F'o;V — %wiwaiajw (2.7)

2.1 F-term and the classical vacua

A full expansion of the Lagrangian £ (including K and W) reveals that F' has no kinetic term
and is quadratic in the action, thus it can be safely integrated out. The equation of motion is simply:

i Gavyg . Ly
F'=—g"0W + 5 I apd o (2.8)
This gives a potential for the scalar component ¢:
T i s (Yip)=0 i
V(9,0) = |oWI = g oW oW === g;F'F’ = |F|” (2.9)
Here we’ve used the fact that (1¢) = 0, so only the dW term contributes to the VEV (F). Note
that the non-zero fermion propagator is given by (1)) instead.

The classical vacua satisfy 9;V = 0. On the other hand, we see that V' > 0 for a positive-definite
metric 95> therefore if V' = 0 we have 9;V = 0 and 9;V = 0. In this case we have SUSY vacua,
i.e. SUSY is unbroken.

In summary,

e Vacua: 9;V = 9; (|Jo;W|°) =0
e SUSY vacua: ;W = 0, which implies V' = 0 thus 0;V = 0.

Spontaneous breaking of SUSY happens if 9;V = 0 while V' # 0, namely we don’t have a SUSY
vacua. Fig.1.4 of Terning, 2006 [18] is a nice summary of the situations. These backgrounds will
come in handy in later sections.

3 Holomorphy and Non-renormalization

Speaker: Wen-Xin “Bryan” Lai

References:
1. Argyres, 1996 [1], §7
2. Intriligator & Seiberg, hep-th/9509066 [19], §2

3. Seiberg, hep-ph/9309335 [20]

Ward ‘Amplitudes / Couplings ~ ‘, (almost) vanishing (3.1)

“natural”

“If a bare parameter is unnaturally set to zero, radiative corrections lead to a renor-
malized non-zero value. Therefore, if we want a small renormalized value without a
symmetry, the bare value has to be fine-tuned.”

— Seiberg, hep-ph/9309335 [20] on naturalness.
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The argument of non-renormalization by Dine, Polchinski and Seiberg [20]:

1. Philosophy: we believe that the UV theory should have almost no coupling and a lot
of fields; think of string theory (where we have only one coupling) and string field the-
ory (where there are oo-ly many fields). In fact, this was explicitly pointed out in §4.2 of
Dine, hep-ph/9612389 [21]'3:

In string theory, all of the parameters are expectation values of chiral fields.
Indeed, non-renormalization theorems in string theory, both for worldsheet and
string perturbation theory, were proved by the sort of reasoning we have used above,
long ago.

However, the following argument should still hold even if such understanding is not true. For
more on this, see the exposition in the following subsection.

2. Wilsonian RG: we flow towards an effective field theory in the IR, where we have many
couplings and only a few fields. Almost all IR couplings A come from vacuum expectation
values (VEVSs) of some UV fields, A = (\(«)). This is the Higgs mechanism.

3. Assuming SUSY is not broken from Ayy all the way down to the scale of our interest p,
we can then promote the coupling A to a chiral superfield A(y, ), i.e. we “turn it on” or make
it dynamical, as we perform the RG flow. We have these powerful constraints:

(a) Holomorphy: due to SUSY, the superpotential W(®, ) is holomorphic along the flow.
In particular, the A\ dependence is holomorphic, since it’s now been promoted to a chiral
superfield 4.

(b) Global symmetries: as we promote A\ ~ A(y, ) we see global symmetries in the UV.
(A(y,0)) = X is understood as the spontaneous breaking of these symmetries. They are
restored as we promote A ~ A(y,#), and they constrain the form of W(®, \).

This is an example of selection rules, just like what we’'ve seen in quantum mechanics
(QM) where symmetries constrain the spectrum.

(¢) Weak coupling limits: we can take various weak coupling limits in the IR.
These constraints fix the form of W(®, \) almost entirely.

Note: in [20] Seiberg chose to call the non-renormalization in SUSY a wiolation of naturalness in
the conventional sense, since in the IR we see no global symmetry but we still have many vanishing
amplitudes. But I believe it’s okay to understand this as a new sense of naturalness, where the
vanishing of amplitudes (or the rigid form of the potentials) is protected by supersymmetry and
some “hidden” global symmetries (that are spontaneously broken in the IR).

13 Oh my, it’s hep-ph! This must come from a simpler time when SUSY is expected to be found by experiments.

14 There are subtleties about this statement; see [22] for a more careful discussion.
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3.1 Why can we turn on the couplings?

We’ve argued that it’s physically reasonable to turn on the coupling A and make it a dynamical
field'®. On the other hand, as pointed out by Argyres, 1996 [1], we can simply think of this as “just
a trick”16:

We are certainly allowed to do so if we like (since the couplings enter in the microscopic (UV)
theory in the same way a backgound chiral superfield would). The point of this trick is that
it makes the restrictions on possible quantum corrections allowed by supersymmetry apparent.
These restrictions are just a supersymmetric version of the familiar “selection rules” of QM.

Perhaps an example from QM will make this clear: Recall the Stark effect, in which one calculates
corrections to the hydrogen atom spectrum in a constant background electric field E... But the
resulting perturbed energy levels cannot depend on the perturbing parameters FE arbitrarily.
Indeed, one simply remarks that the electric field transforms as a vector E under rotational
symmetries, thus giving selection rules for which terms in a perturbative expansion in the electric
field strength it can contribute to. On the other hand, these selection rules are equally valid
without the interpretation of the electic field as a background field transforming in a certain way
under a symmetry (which it breaks). Instead, one could think of it as an abstract perturbation, and
the selection rules follow simply because it is consistent to assign the perturbation transformation
rules under the broken rotational symmetry.

I believe the best way to make sense of this is to have a generalized notion of symmetry, where
background fields are allowed to transform non-trivially. In the QM example given above, we have
E as a background field, where in the field theory case we have the couplings A as background fields.

Ususally we demand a symmetry to keep the background fields invariant; this is not always con-
venient. We should also consider symmetries that act on the collection of all possible background
configurations. This is precisely the degenrate vacua we’ve seen when studying the Higgs mecha-
nism. This justifies the trick of turning on A. For more on this, see §2.1.3 of Banados & Reyes,
1601.03616 [23].

3.2 Wilsonian RG of the Wess—Zumino model

A worked example of this for the Wess—Zumino model is given in Argyres, 1996 [1] and also |
]. We start with the superpotential at Ayy:

)

Wuy = m®? 4 A3 (3.2)

Here A and m are bare parameters in the UV.

We imagine that the parameters are VEVs of some Higgs fields ¥ with mass M > Ayy. Basically
we are “embedding” the theory inside a parent theory with a larger symmetry. For M > Ayy we
can’t see the fluctuations of ¥, namely its value is “frozen” to (¥). It’s thus natural to “integrate
out” W, and then the theory reduces to the effective theory with Wyvy. This is the Higgs mechanism.

15 T believe this is the so-called “un-Higgs-ing” procedure, and the unHiggsed field is called a “spurion”.
See physicsforums.com/threads/spurion-symmetry.205417.

16 See also physics.stackexchange.com/q/110926.
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However, we can also leave V¥ as it is without integrating it out, and compute all physical observ-
ables with the enlarged, parent theory. The results should be exactly the same. In particular, since
SUSY is assumed to be preserved along the RG flow, then W = W(¥, ®) is always holomorphic.
This is the main idea of Seiberg’s argument.

One concrete realization of this procedure for the m®? term is given by [21]:
m®? ~ M(¥ —m)? + UP> (3.3)

Here we've been cavalier about constant shifts of W, as they do not affect the physics'”. Also, we
are free to include a kinetic term for ¥ in the Kéhler potential so that it does look like a physical
field. However, this does not matter much, as for M > Ayy, the M(¥ — m)? term dominates and
we always have m =~ (¥). In the end the superpotential reduces back to m®2. Holomorphy of W
with respect to m then follows from holomorphy with respect to W.

There are of course many ways to realize m as the VEV of some dynamical operator. However,
the end result is universal, namely W should be holomorphic with respect to m. Also, since m is
now promoted to be dynamic, it can transform under a larger global symmetry group.

We now perform the RG flow down to the IR scale u. Note that we have three scales:
M > Auy > p (3.4)
The idea is that:

e We start with Wyv at Ayv;
e We “embed” it into a parent theory that works up to the energy scale M,;
e We derive constraints for the IR theory at u.

- -

Let’s imagine doing Wilsonian renormalization from Ayy down to p. We are summing over
Feynman diagrams where:

e The internal lines are UV modes, carrying some momenta ranging from pu to Ayv;
e The external lines are IR modes, carrying momenta lower than p and are treated as non-
dynamical background fields as we integrate out the UV modes.

Avuv
/, dPp (3.5)
M

Everything is finite and there is no divergence from the loop integrals! We need not worry about UV

There will be loop integrals of the form:

or IR divergence. This is the beauty of Wilsonian RG.

If we want to compute the contribution of the high energy modes to the partition function
Z ~ e W, we should sum over all diagrams. However, we are interested in the effective potential
W ~ —log Z, therefore we need only sum over connected diagrams. Recall that the sum over all
diagrams is basically the exponential of the sum over connected diagrams.

~- -

After summing over all connected diagrams, we will obtain an IR effective potential W, at the
scale u. On the other hand, for theories with a mass gap, we can integrate all the way to u — 0

17 On the other hand, constant shifts of V = ||@W||? do matter in SUSY theories, as they are related to spontaneous
SUSY breaking; see §2 and the following sections.
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with no IR divergence. It is claimed without proof [1, 19, 20] that in this case, W, [®] agrees with
the quantum effective potential, which is the generating functional of renormalized vertices, or 1PI
diagrams.

Generally, we have:

Zz/@@@m%ﬂ@zt/®¢em%ﬂﬂ (3.6)
h—0

I'[®] is the quantum effective action. The path integral over I'[®] is evaluated under the semiclassical
limit: & — 0. This corresponds to a loop expansion of the Feynman diagrams, where we keep only
the leading order terms, namely tree level (0-loop) diagrams. The full path integral is thus re-written
as a sum over tree diagrams with 1PI vertices.

The relation between the Wilsonian effective action S, and the quantum effective action I" is
explained in [24], which I don’t fully understand. Some very help insights are given by [25, 26]. Here
we try to provide some very rough arguments on how S,_,o = I for a gapped theory.

e As is pointed out by [26], this statement is actually scheme dependent. With a physical choice
of renormalization scheme, one can define the 1PI couplings by the gauge field correlations at
a fixed Euclidean momentum transfer ¢ within the background field formalism. By changing
the cutoff ;1 down to a scale very close to ¢, namely pu? = ¢2, one can minimize the difference
between S(,,) and the classical 1PT effective action I, for external fields of momentum O(q?),
since the path integral over quantum fields generates little correction.

e We provide another rough argument inspired by [27]. Again recall that the sum over connected
diagrams can be re-written as the sum over trees with 1PI blobs. On the other hand, note that
the external legs carry momenta < p, therefore the internal “bridges” between 1PI “islands”
carry momenta ranging between p and O(nu), where n is the number of external legs. These
bridge momenta are fixed by conservation and are not integrated over. For y — 0, diagrams
with these bridges (i.e. one particle reducible (1PR) diagrams) are suppressed by the mass gap,
and thus only 1PI diagrams survive.

3.3 Non-renormalization from symmetries & asymptotics

Holomorphy plus global symmetry constrains W,y to be of the form [, 20]:
_ (I)2 AD _ n 1—nq)n+2
Wiy = m®= f )= Zan(u) A'm (3.7)

Here we’ve written W) as a Laurent series. At this stage it seems that a, may depend on the
running cutoff x. By looking at the asymptotics we can eliminate a bunch of terms:

e For A\ — 0, the theory is free, W — m®2, therefore only terms with n > 0 are allowed.
e For A\ — 0 and m/\ — 0, the theory should be'® weakly coupled, therefore only terms with
n < 1 are allowed.

Alternatively, we can look at possible Feynman diagrams to eliminate the n > 2 terms. There
are only tree level diagrams that can generate these terms, but they are not 1PI for n > 2. These
1PR diagrams should not contribute to W,_,o, due to the following logic [I, 20]:

18 T guess the more accurate way to say it is that the theory is assumed to be weakly coupled.
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4 SINGULARIES FROM INTEGRATING OUT 16

o If there is a mass gap: m > 0, then W,_,¢ is identified with the 1PI effective potential, and
thus 1PR diagrams should not contribute;

o If m = 0, then W,_,o does not coincide with the 1PI effective potential, so in principle we
should include these tree diagrams in W,,).

However, the m — 0 limit is completely smooth for W,,,, since to obtain W) we only integrate
modes with momenta 2 p and never reach the IR. Therefore the form of W, with m = 0 is
identical to that with m > 0.

Now we’ve eliminated most of the terms in the expansion. We have:
Wi = ao(p) m®* + ay (1) AD? (3.8)

This is already quite remarkable: there is no new vertex generated from RG flow. Note that ag 1 (p)
may depend on p but not m or A. We can again look at the limits: as A = 0, W — m®2 for any p,
therefore ag(p) = 1,

Wiy = m® + ay () AP (3.9)

There are again two proposals to fix aq(p):

e Consider A — 0, m — 0 with arbitrary m/\. We should have [19]:

pX
W(N) = Wuv, f<t = m) =1+t, (3.10)

where ¢ is now arbitrary, thus a;(¢) = 1. However, to me this sounds like an additional weak

coupling assumption.

e According to Argyres, 1996 [1], a1 (u) can be fixed by matching to perturbation theory for small
A. Let’s try to do this! We have:

Wov[® + x| = Wuv[®] + mx? + 2m®x + 3AD%x + 3APx? + x> (3.11)

To generate the a;(u) A®3, we cannot include any m coefficients, and we must include A and
®. Therefore only the 3A®%x, 3A®x? terms might contribute. There is only one diagram that
I can think of which might contribute: (3A®x?)? with the internal x’s contracted, forming a
1-loop diagram. However. the internal y contractions again generate m dependence. Therefore
this diagram must not contribute to a; (1) A®3. In the end, we must have a; (1) = 1.

Finally, we have:

Wy = m®* + \@? (3.12)

Namely, the superpotential is not renormalized. In our current scheme where the field strength ® is
not renormalized, m, A is constant along the flow. However, the Kéhler potential is non-holomorphic
from the start and it is renormalized, which leads to field strength renormalization.

4 Singularies from Integrating Out

Speaker: Yuan Zhong
References: Argyres, 1996 [1], §8

As is discussed in §2, the classical SUSY vacua are given by 0V = 0. This is an equation on the
tangent bundle of the target, so it comes with an induced metric inherited from the target. However,
it need not be a manifold (perhaps with singularities), but can also have intersections.
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Let’s look at a simple example where:
1
WIL,H| = 5ALH2 (4.1)

Extrema of W are at H = 0 and arbitrary L. The classical vacuum moduli is thus given by the
(L) € C plane, with a Kéhler metric ds?> = dL dL induced from the target.

4.1 Singular Kahler potential X

To properly account for the quantum corrections, instead of setting H = 0, we need to integrate
it out. The path integral over H includes the following 1-loop correction from the LH? vertex:

[oH 2

. - . L
LH?LH? = L(H*H?) L ——— & —LL|\|’log ‘/\ (4.2)

where the internal H fields are contracted. This renormalizes the LL term in the Kahler potential.
We see that quantum corrections lead to a singularity in the Kahler metric at (L) = 0:

2
— 400, L—0 (4.3)

- L
K o —LL|A?log

This has a physical interpretation: the mass of H is proportional to A(L); at (L) = 0 it becomes
massless. We've assumed that H is “heavy” and thus can be safely integrated out, but this is not
the case at (L) = 0.

It is a general phenomenon that singularities in the effective action correspond to “new” massless
particles. They indicate the breakdown of our effective theory. In other words, we are using the
effective action beyond its range of validity: as L — 0 some new degrees of freedom are necessary
to give a full description of our theory in the IR, in this case we have to include H as it becomes
massless when L — 0.

Note that the 1-loop result becomes exact as L — 0, since H is more and more weakly coupled
in this limit. Again note that the effective coupling for H is (AL). On the other hand, as L — oo
the theory becomes strongly coupled and perturbative expansions become unreliable. Note that the
1-loop correction (4.2) carries a minus sign, so for large |L| the metric becomes negative: ds? — —oo.
This is a Landau pole in the IR.

4.2 Singular superpotential W

In the example above we see a singularity in the renormalized K&ahler potential I as we inte-
grate out the H field. Although the superpotential is usually not renormalized (as discussed in §3),
singularities can still arise from integrating out the H field.

Let us do a more complicated example:
1 1
WIL, H] = §mH2 +AL*H + 6gH3 (4.4)

At scales well below m, H is frozen at (H), which is the solution of 9yW = 0 by saddle point
approximation. This gives us an effective potential W[L]. Here we are assuming that:

e SUSY is not broken at or above the scale of the effective theory. In this case (H) is completely
given by the VEV of its scalar component, because the VEV of a fermion vanishes due to
Lorentz invariance of the vacuum, and (F) = 0 since SUSY is not broken.
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4 SINGULARIES FROM INTEGRATING OUT 18

e Unlike in the previous example, now we have an explicit mass gap for H while we integrate it

out, therefore at scales well below m we can ignore all quantum fluctuations, and the classical

limit is actually exact!®.

— Note that L is treated as an external source as we integrate out H. If (L) = 0 then the
above argument goes through without issue.

— If (L) # 0, then the saddle point approximation is not quite valid. However, the func-
tional dependence of W[L;m, A, g] is protected by symmetry (global symmetry and SUSY,
namely holomorphy), as discussed in §3. One can check explicitly that the result should

hold even for (L) # 0.
o

Figure 1: Behavior of the effective potential W[L] in the L plane, based on [1].

The bubbles illustrate the behavior of the scalar potential V[H] = ||0gW[L, H]||* at
given values of (L). Note that the vertical axis is not at H = 0 but at H = —m/g, and

the plot covers only Real values of H.

The original illustration in [1] seems to be inaccurate. Here we try to clear up the
confusions by redrawing parts of the diagrams.

The resulting W[L] have branch points at:

m2
L==4— 4.
V 2\g’ (4.5)

as depicted in Figure 1. At these points H becomes massless, therefore we should not integrate it
out in the first place. Generally, the effective mass of H is not simply m, but:

/ m2
OFWIL, H] |<L>,(H> = dmy [1—(L)? A9 (4.6)

19 Argyres, 1996 [1] claims that “it is not hard to see that, together with the non-renormalization theorem, this is
equivalent to the above more laborious procedure using the symmetries and the classical limit.” 1 can understand
the spirit of this (as is explained in the following passage) but I am not sure how to see this rigorously.
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The 2 signs correspond to the 2 solutions of g W = 0, namely:

m

<H>:g<—1i 1 (L)2 w) (4.7)

On the other hand, we can look at the scalar potential:

Viy[H] = || 0uW(L, H (4.8)

2
) P
at given values of (L), as shown in Figure 1.

e For — % < (L) < 44/ % there are 2 inequivalent vacua, corresponding to the 2 branches
of the square root in (4.6) and (4.7). They are reflected in the low energy effective potential
WIL] by the same multi-valued square root structure.

e For (L) = :I:W/% there is an unique vacuum. This is the branch point in (4.6), (4.7) and
WIL].

e For (L) > + % or (L) < + % it would appear that V;z,[H] > 0, and one would suppose
that SUSY is spontaneously broken. However, if we allow for H € C, then V;y[H] = 0 can
actually be solved with H € C. There are still 2 inequivalent vacua.

Same applies for generic values of (L) € C.

5 SUSY Breaking

Speaker: Xia “Summer” Gu
References: Argyres, 1996 [1], §9

6 Super Gauge Theory

Speaker: Yihua “Louiva” Liu
References: Argyres, 1996 [1], §10

6.1 Some cool facts about anomaly

References:

1. Tong, 2018 [28], §3
2. Schwartz, 2014 [29], §30

At the classical level, a massless Dirac fermion in even dimensions enjoys the symmetry:
Uty x U(1)a (6.1)

But only a U(1) subgroup survives after quantization of the continuum field theory. This is the
so-called chiral anomaly.

The interesting thing is that we can actually choose the surviving U(1) subgroup. The U(1)4
subgroup is often doomed to suffer, which is why we often don’t distinguish the chiral anomaly with
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6 SUPER GAUGE THEORY 20

the so-called axial anomaly. On the other hand, the U(1)y subgroup is usually the lucky survivor,
due to its close relation with the gauge symmetry, which affects our choice of regularization schemes.

Recall that in general, anomaly arises when it’s impossible to choose a regularization scheme that
is compatible with the symmetry. In usual computations of the chiral anomaly, we often assume the
survival of U(1)y, either explicitly or implicitly.

o Let’s denote the axial current as j° and the vector current as J*. When computing the triangle
diagram (j7J#J") in 4D, there is a free paramter that we can tune to regularize the loop
momentum integral, which “distributes” the anomalous amplitude between 0,5 and 9, J".
More precisely, the result is that 0, (j7J*J¥) and 0,,(j7J*J¥) cannot vanish simultaneously.

e Computing (j7J#J") is equivalent to computing (j°) 4, where A* is some non-dynamic back-
ground gauge field coupled to J*. Basically?°,

G a = [ P dPy (7 @)1 W) A4, ) (62)

I believe the % factor here is to cancel the overcounting as we integrate over both x and y.

e We usually compute the axial anomaly for a massless Dirac fermion. Equivalently, we can
look at its components, which are a pair of left and right-handed Weyl fermions, charged

@ = =1 under U(1)4. They each contribute half of the anomaly. To prove this, one can
1+7s
2

insert a projection matrix which reduces the action for a Dirac fermion to that of a Weyl

fermion?'; see §30.2.4 of [29].

In general, we can consider a series of Weyl fermions charged ) under U(1) 4. Their contribution
to the anomaly will be given by Tr @75, where the trace goes over the whole representation.
For the massless Dirac fermion with () = +1, we have:

1+ 1-—
Tr pirac Q'_YES =TT pDirac < 75 Q - 75 Q)

2 2
14 1 1 1 (6:3)
= TrDirac ( 275 (+1) — 275 (—1)) = 5 + 5 =1

e Note that the axial U(1)4 only exists in even dimensions, where we have a chirality matrix T’
like 5, and we have Weyl spinors with definite chiralities; see §1.1. In odd dimensions there
are only (symplectic) Majorana spinors, so we can’t even define U(1)4 at the classical level.

On the other hand, massless Majorana spinors in even dimensions do admit U(1)4 just like
massless Dirac spinors, but it must be U(1)y neutral due to the reality condition®?.

20 This is taken from §22.3 of Weinberg, 1996 [30], Vol.II, where there is an extra minus sign in the front, probabaly
due to a different convention for the current j.

21 Note that the Dirac mass term mixes left and right-handed components and will always be projected out.

22 1t does have a Zs symmetry which can be understood as the remnant of the U(1)y at € =, where €? = —1. This
is quite similar to the fermion number symmetry (—1)¥ discussed in §1.2.
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