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1 Primaries and their physical meanings

Primaries:
• 1

• Spin field: σ(z, z̄) w/ weight ( 1
16 ,

1
16 )

• Energy operator: ϵ(z, z̄) w/ weight ( 12 ,
1
2 )

Question: how do we get this? One can answer this question through bootstrap, namely under the
constraints of conformal symmetry and unitarity, this is the only possible situation for a c = c̃ = 1

2

CFT. But this doesn’t quite explain the physical meaning of these fields.
To really understand the physical origin, we have to go back to the lattice model. Taking the

continuous limit of the lattice model is quite a subtle process. We will summarize this procedure
here, in a very rough and very schematic language. For a detailed account with exact equations, see
e.g. [1, 3, 4].

http://abatanasov.com/Files/2D%20Ising%20CFT.pdf
https://dx.doi.org/10.1016/0550-3213(84)90052-X
https://dx.doi.org/10.1016/0550-3213(84)90052-X
https://dx.doi.org/10.1103/RevModPhys.51.659
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1.1 Ising model on the lattice

First, we start with the 2D Ising action, with the field s(x, τ) = ± 1
2 , defined on a square lattice

labeled by (x, τ). Consider:
Z =

ˆ
Ds e−S[s] (1.1)

It can be interpreted in the following 2 ways:
1. If we think of τ as another spatial direction, then Z is precisely the classical partition

function of this 2D lattice. The inverse temperature β is related with the coupling of the
system. When it’s tuned to the critical point, we have a CFT.

2. Alternatively, if the column direction is interpreted as the Euclidean time τ , while the row
direction is interpreted as the only spatial direction x, then this is the Euclidean path
integral of a quantum system, where β is the size of the τ circle.

Some choose to call this the quantum–classical correspondence1. Here we shall take the second
perspective, and the Hilbert space consists of the 2-component Pauli spinor s(x) located at each
site x.

We first take the continous τ limit by switching to the Hamiltonian description. We then rewrite
the time evolution using the transfer matrix:

e−τH (1.2)

Where H is a 2× 2 matrix acting on the vector space of s(x, τ) values. H[σ±] can be written down
explicitly using the Pauli matrices σ±, and it is in fact τ -independent. Roughly speaking, we have:

σ ∼ σz = 2σ+σ− − 1 (1.3)

Note that the original Ising action contains only the s ∼ sz field, with no mention of the sx, sy

or s± component. Why do we have σ± now? In fact, this captures the dynamics of spin flips and
serves as the momentum term in the Hamiltonian.

Note that H = H[σ±] itself closely resembles a 1D Ising model with s replaced by σ, defined
along the one spatial direction: σ = σ(x). Some would like to call it the 1D “quantum” Ising model,
and call this the correspondence between the 2D “classical” model and the 1D “quantum” model.
But we see here that this is simply the Lagrangian and Hamiltonian descriptions of the same system.

1.2 Fermionization by Jordan–Wigner

Why the central charge is only 1
2? We are looking at Weyl fermions. Ising2 is c = c̃ = 1 free

boson CFT, with the usual fermionization as in string theory.

1 See [5] and mcgreevy.physics.ucsd.edu/s19/2019-215C-lectures.pdf, and also /s14/239a-lectures.pdf.
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