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Type 0 Superstrings

A closed superstring theory consists of sectors labeled by the boundary conditions (—1)¢ of (¢, TZJ)
along with suitable GSO projections (—1)f = 41. Here we follow the discussions of Polchinski, with
R:a=1and NS: a=0.

There are also some consistency conditions: by modular invariance, there must be at least one
left-moving R sector and at least one right-moving R sector; on the other hand, the OPE must close,
and since R x R = NS there must be some corresponding NS sector for each R sector.

If we include only the (NS, NS) and the (R, R) sectors, then both must exist due to the above
conditions. In fact, closure of OPE implies that the (NS+, NS+) sector must exist. In addition, NS—
sector must be paired with another NS— sector due to the level matching condition of the closed
string, i.e. it is possible (but not required) to have a (NS—, NS—) sector.

All possibilities can then be generated by enumerating all possible (R, R) sectors (there are
2 x 2 = 4 of them), while applying an extra consistency check that all pairs of vertex operators
01, Oy are mutually local, i.e.

expiﬂ(Flanggal 7F1&2+F2d1> =1 (1)

If O; € (NS+, NS+), then we have ay =& =0=F; = Fy, hence the above factor is always trivial;
for O; € (R, R), however, a; = & = 1, which yields a non-trivial constraint for the second operator:
Fy—Fy, = Flas — Flas = as (F1 — Fl) (mod 2), assuming as = do. With s = 0 this gives Fy = Fy,
and with as = 1 this gives Fy — FQ =F — 1:"1; this means that all (R, R) sectors have the same sign
difference between F and F. The possible solutions can then be narrowed down to:

0A: (NS+,NS+), (NS—,NS—), (R+,R—), (R—, R+), (2)
0B: (NS+,NS+), (NS—,NS—), (R+,R+), (R—, R—), (3)
And additionally, (NS+, NS+) with any single one of the 4 possible (R, R) sectors. (4)

If there are two (R, R) sectors, then there must be an accompanying (NS—, NS—) sector due
to the closure of OPE. It is straightforward to check that these possibilities are all valid under the
above constraints: (0) level matching of closed strings, (1) mutual locality, (2) closure of OPE, and
(3) (apparent) modular invariance (not sufficient yet, to be checked below).

(a) The torus partition function of the theory breaks up into a product of independent sums over
the bosonic X and fermionic (¢, 1/;) oscillators. The bosonic part is identical to the bosonic string
situation, therefore modular invariant; to check the total partition function for modular invariance,
we will look at the fermionic contributions Z = ZM explicitly.

Similar to the Type II case, the building block of Z is given by:
2% =Tra [(-1)""¢"], q=e" (5)

Where «, 3 labels the periodicity in the spatial and temporal directions (o!,02); note that for
fermionic fields, anti-periodicity in the time direction gives the simple trace, while the periodic
path integral gives the trace weighted by (—1)%, as is explained in Polchinski, Appendix A.



In10D, p=1,---,10, in total there are N = 10—2 = 4 x 2 = 8 real, transverse spinor components
in (yH, 1/1“) pairing them into complex chiral spinors like 1! 4 92, each one of them contributes a
factor of Z¢, in the total partition function.

Note that for type II theories, the boundary conditions and GSO projections («, F') for the left
and right movers are “decoupled”; any possible (a, F') can be paired with any possible (&, F ), hence
the left and right contributions can be calculated separately. For type O theories, however, the left
and right (a, F)’s are coupled, hence we have to calculate their contributions together. With the
above considerations, we have:
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Similarly, for the situation in (4) with no (NS—, NS—) sector, depending on the GSO projections
(F, F) in the single (R, R) sector, we have:
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To check for modular invariance, note that':
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We see that Z°418 is indeed modular invariant, while Z’ = %ZOA‘B + (--+) is not modular invariant,
due to the extra “mixing” terms in (---).

(b) Consider the ground states in the type 0 theories; the NS ground state is tachyonic:

1
2 2
= —k*=— 10
m 5 (10)
With (—1)¥ = —1, while the level 1 states are massless and form a vector representation 8, of the

massless little group SO(8). After GSO projections, the NS ground state becomes the (NS—) ground
state, while the level 1 massless states become the (NS+) ground states.

2
L See Polchinski, Chapter 10. Note that the factor exp (firr 30‘1271) comes from a global gravitational anomaly, but

does not matter in Z%4I5 since we are taking absolute values.
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On the other hand, the R ground state is massless. In general, 10 D Dirac spinors form a repre-
sentation 32pirac of SO(9,1); however, in the massless case it can be further reduced into two Weyl
spinors 16 + 16', labeled by chirality I''! = (—1)¥. They are spinor representations of SO(8). The
on-shell condition (i.e. the Dirac equation) further reduces the representation into 8 and 8, one for
(R+) and one for (R—).

The closed string spectrum is then obtained by tensor product of the left and right moving part.
For type 0 theories, we see that there is a tachyonic state: the (NS—, NS—) ground stateisa1x1=1
scalar tachyon; with a momentum rescale k — k/2, the mass is now given by m? = —2/a/. The
remaining massless states are:

(NS+, NS+): 8, x 8, =[0] 4+ [2] + (2) (11)
(R+, R+):  8U) x 8" = (0] + [2] + [4]+ (12)
(R4, R—): 8 x 8 =[1] + [3] (13)

Where we’ve listed the irreducible decompositions of the various 8 x 8 tensor product, following the
notations of Polchinski.

Kaluza—Klein Mechanism

The D = d + 1 dimensional metric can be parameterized as follows:

ds® = GYy dz™ dz™ = G, dat da” + ¢ (da + A, dat)’, (14)
GIIJ?V = G;Ll/ + QQUA/LALM Id = l’d +27R (15)
Where y = 0,1,---,(d — 1) labels the noncompact directions, and the 2 direction is compactified.

G,u,0 and A, should depend only on the noncompact coordinates z#, A* = G*A,,.

GYx can be inverted by solving 6% = GEM G, ., or in components:

0=G" e A, + Gl e — G =-G"A,, (16)
1=Gll e A, + G e? = G =e2 —GHA, =¥ + G ALA,, (A7)
% =GN Gy, = Gl GE, + Gl A, (18)

Contract the last equation with AP, and we can solve for G‘fjd and then all other components.
Alternatively, we can use the inversion formula for a block matrix?; either way, we obtain a nice and
clean result:
Gl = —Ar, Gl =e 2+ A2, G =G", (19)
There is also a formula® for the determinant G p; we have:
Gpl =G (e + A —A*) =G '™, Gp=Gye® (20)

(a) The Christoffel symbols can hence be calculated explicitly, using the G&;, components; the
Ricci scalar can then be computed with brute force*; in the end, we have:

1
RD = Rd — 267Uv266 - 1620FHVFI—W7 (21)

2 See e.g. Wikipedia: Block matriz # Block matriz inversion.
3 See e.g. Wikipedia: Determinant # Block matrices.

4 Reference: www.weylmann.com/kaluza.pdf, and Polchinski, Chapter 8.
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Here we’ve dropped the V2e? term in the Einstein-Hilbert action, for it is a total derivative:

1 va o
e 0u(V=GCa Gl 0,e7) (23)

However, if there is a D-dimensional dilaton ® coupled to gravity: £Lp ~ e 2®Rp, then the e 22V?e?
term cannot be dropped, since it will contribute a ®—o coupling term. Here we are setting & = 0.

The e factor before Ry can be absorbed by rescaling; first we eliminate the zero mode of o by
rescaling the coupling ko — &:

o=09+0, (0)=09, {(0)=0, (24)
1 1 /

50 — —0'0/2 25

(2)6 2 e?, K=kKpe , (25)

Then we work on the remaining ¢’ = o — 0g. Note that:

G,qu — e2w(a:)c_;l“/7 GI _ 62w.dG7 G/;u/ — 672“)6”“/7 (26)
R, = e (Rd —2(d—1)V2w — (d — 2)(d — 1) duw am), (27)

V=G e” Ry~ =G Ry~ V=G e DRy w=-" (28)

Before we proceed, let’s first work out the Weyl transformation of the Laplacian:
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The transformed Ricci scalar can then be rewritten as:
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Again, the V20’ term is a total derivative and can be dropped in the action. In the end, we get:

/ - 1
S~ /dd _G/ (R/ laluo,l _ 462(0+W)FMUF/MV) (31>



This is the effective d-dimensional theory that we have been looking for, with a gauge field F),, and
a massless dilaton ¢o’. Roughly speaking, the dilaton ¢’ can be treated as a Goldstone boson due to
the breaking of scale invariance by compactification®.

Following the convention of Polchinski, we define A, = RAM, p = Re?, po = (p) = Re’, then
the gravitational and gauge couplings are given by:
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(b) The above mechanism provides a natural theory of gravity and electromagnetism in d = 4.
Note that the gravitational and gauge couplings are related with the radius of the compact dimension:

2 2
= (34
Kqg PO
In reality gravity is much weaker than electromagnetism, which means that pg — 0, or R — 0 if we
gauge-fix 0p = 0. In other words, the radius is constrained by the ratio of the couplings:

R~v2™M (35)
gd

Fiberwise T-Duality and the Dilaton

(a) For a bosonic string moving in a general background of massless fields in D = d 4+ 1 = 26,
its worldsheet action is given by:

1
T dra

!

/ &0 /g { (9P G (X) + i€ By (X)) 0. X M0, XN + o/R <I>(X)} (36)

Where & is the worldsheet Ricci scalar. The X?¢ = X?25 direction is to be compactified, and the
background fields Gy, By ny and @ depends only on X#, p=0,1,--- ,(d— 1) = 24.

Gmn can be further split into G, Gpq and Ggq with d = 25, in a way similar to (14), but here
we are using a simpler convention, with Gﬁ’y = G, instead of (15). Similar goes for By, with
B, B4, and Bgq = 0, due to anti-symmetry.

(b) After replacing 9,X% + 9,X¢ + A, where A, is an auxiliary abelian gauge field on the
worldsheet, the X? related parts in the Lagrangian become:

La[X%, A = 4\7{3 2 (67 Gra + i€ Bua) (0u X+ A0) X" + 6 Gaa (0. X"+ Aa) (X + 4y) }
(37)

Consider a translation X + X% 4+ )\, where \ depends on X* = X*(o) and hence depends on
the worldsheet coordinates o; it is clear that:

Oa(XV+X) + (A — 9aA) = 0a X+ Ag, La[(XT+N), (A — 0uN)] = L4[X, A (38)

i.e. X% translation is equivalent to a local gauge transformation A, — A, — 9, \.

5 For a more careful discussion, see Polchinski. See also physics.stackexchange.com/q/138537.
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In fact, we would like A, to be “pure gauge”, capturing only the X¢ translational symmetry and
nothing more; this can be achieved by adding yet another auxiliary field ¢(c) and an extra term:

Lq— Lg+i€Fu ¢, Fap = 0uAp — OpA,, /@¢ et T d §[e™ Fup)] (39)

Which forces Fis = 0 in the remaining path integral. Note that the only non-zero independent
component of F,, in 2D is Fio, therefore Fio = 0 implies that F,, = 0, or ' = dA = 0. On the
plane, this implies that A = dJ, i.e. it is indeed pure gauge®.

We can then proceed to integrate out A,. Since A = d\, we can gauge fix A = 0, and the action
reduces to the original one:
S'1X,¢=0,4, = 0] = S[X] (40)

Following the Faddeev—Popov procedure, we find that the path integral also reduces to the original
one, up to some additional gauge volume determinant A p, which is independent of X. This implies
that the theory for the fields (X, ¢, A,) is, indeed, equivalent to that of the original string theory
which has only the X fields.

(¢) Following our discussions in (b), we see that:
O X4+ Ay =0+ Ay — 9\, A= —0,X%, (41)

Before completing the path integral, we perform a gauge transformation A, — A, — 9, A, with
A = —X? Assuming that there is no anomaly, we can ignore the functional Jacobian of the trans-
formation, and the path integral shall be gauge invariant; in this case, the 9,X¢ term is canceled
precisely by the gauge transformation, which is equivalent to setting X¢ = 0 in the action:

S[quqsaA]:S/[XqudzoquaA} (42)

Furthermore, the A, related parts in the Lagrangian is now nice and quadratic:

La { (9" G + 1€ Ba) Ay b X" + g*°Gaa Ag Ay + 1" Fyp ¢}
{2 (9%°Gra — 1€ Bpua) 0. X" Ap + g""Gaq A Ay + 2i€®p 8aAb}
7; (43)
y— { (6%G st — €™ Bpug) 0a X" Ay + 6 G Ag Ay — 2i€™ 0,0 Ab}
1 a . Q. - Qa a
- {2 (0 Gt = 1€ Bua) 0a X" = e 0,60) Ay + 0™ Ga Aa Ay}

Here we’ve fixed the conformal gauge g., = 45 and integrated by parts, so that ¢ 9, Ay — —0u ¢ Ap.

It is convenient to define”:

1

gb—
Gaa

(5 G = i€ Bya) 0,X" — i€™ 0,0 (44)

6 However, if there are punctures on the worldsheet, then there is non-trivial cohomology, and A need not be dA.
Instead, the gauge field can have non-trivial holonomy around the cycles of the worldsheet. One can show that
these holonomies are gauge trivial if ¢ has periodicity 27. In this case, the partition function is again equivalent to
the original one. Reference: Tong, String Theory; see also arXiv:0812.4408.

7 Reference: Blumenhagen et al, Basic Concepts of String Theory, Chapter 14.
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The path integral over A, can then be completed as a Gaussian integral. Note that this time we
integrate out A, first, leaving ¢ in place; therefore we do not impose any gauge fixing. We have:

_ Gaa
4o

{2724, + 64,4} = L4 2 50,0, (45)

L
A 4o’

Nl

Gaa(XH 7
S = /d% (La+ Lo), /@Aa oS . det | G X)) e, (46)
2mad!
5 Gaa
5= [ o (o= ). (47)

If we identify X¢ = X< + 27, then the radius of the X circle is given by R(X*) = /Gaa.
When R? > o' or R > v/, the above path integral approaches the classical limit, and its main
contribution comes from the classical saddle A, = —J,, which is included in the e~ factor. The
functional determinant is sub-leading and can be ignored.

Expand the action S in terms of (X*,$), we find that:

Q 1 ab A - _ab D % v % o o
S= 1 / a0 { (6 Cun +ie Bun ) 0,810, 8V}, X = (X0, %) = (X1,0),  (48)
~ 1 ~ 1 ~ 1
=, =B v=0Uuw — 5 vd — BpaBua), 4
Gai= g Gui=g—Bus: Gu =G~ 5—(GuiGra ~ByaBua) (49)
~ 1 - 1
Bua = G—Guar - Buv = Buw = 7 (GuiBua — BudGua), (50)

i.e. we've found the T-dual theory with R o %. Rescale ¢ — ¢/va' and Gaq — o/Gqq, We recover

’

the usual result: R = F-

(d) Now we return to the determinant; roughly speaking, we have:

CWW] E — exp <—; Indet |- - -]) ~ exp <—;tr hlGdd) (51)

det

2o o

Which appears to add a term ~ f% In G44 in the Lagrangian.

However, the “det” and “tr” in the above equation are divergent and ill-defined, and would
only make sense after some careful regularization®, which was introduced by Buscher [1] and nicely

reviewed by Alvarez et al [2]. The regularized determinant along with the Jacobian adds the following
contribution in the Lagrangian:
1. Gaa
—a'R - 3 In o (52)
Which is equivalent to a dilaton shift:
<I):fI>—§ln o, (53)

In the limit of constant size R = v/Ggq4, note that the string coupling g, ~ e®°, and we recover
the usual result: gs = gsvVa//R.

8 T would like to thank % & for hints about this problem.



Only One Coupling Constant in String Theory®

(a) Consider the open string one-loop diagram, which is topologically a cylinder. To represent
such geometry on the place, we start from the “rectangular” torus:

wXw+2r 2w+ 2w, T=1it (54)
And identify under an involution, i.e. a reflection through the imaginary axis:

w=-w = 0<Rew<m (55)

The amplitude is similar to the torus amplitude; first, with a fixed ¢ = —iT, we have:

<H:ei’“'xi:>:z‘c<2w>dad<z,;ki> exp 8 =S ki ky G ws ) = 3 Y RG (wiwi) - (56)

1<j
But with a different propagator G’, which can be obtained via the method of images; this leads to a
doubling of the exponents compared to the torus amplitude:

G (w,w') = Gz (w,w") + Gz (w, —0"), (57)
<H :eiki-Xi > —=iC (27T)d 5d(zl kl) H |sz(t)‘2><a/k7k1 (58)

Here W;;(t) is the “corrected” distance on T?; as w — w’ we have W;; ~ w;; = w; — wj.

On the other hand, the vacuum amplitude is given by:

oo dt -
Z:in/ % (gﬂza/t) d/zn(it)f(d%) (59)
0

The be ghost contributions is included in the |n(it)]* = (n(it))2 factor; note that for ¢ > 0, n(it) > 0.
Combining this and <Hl sethi Xa :> ,» we obtain the final n-tachyon amplitude:

n o dt —d/2 (g s ks
A=igy (2m)! (5, k) / 5 (87%at) Pn(in = ] / duwg [T I3 ()" (60)
0 k VoM i<j
Here OM is the two ends of the cylinder.

As is suggested in arXiv:0812.4408, it is convenient to introduce the following parametrization
for the operator insertions at each boundary:

I el G O

w; = 9

o = 0,1 labels the left and right boundary.

T+ 2mit-x;, 0<ux; <1 (61)

We want 2 insertions at each boundary, labeled by ¢ = 1,2, 0 = 0, and ¢ = 3,4, 0 = 1; the
amplitude can then be reduced to:

1 [es} ’
A= gy a5 (S k) [T2 [ doe [T 58 (s2a't) (it mey T WGy O,
k YO o 2t i<j (62)
Wij (a:ij, t) = n(it)73 191,2 (ixi]'t ‘ it) exp (—Wl‘?jt)
There is an additional factor of 2 since fBM dw = 2 [dz, which includes the contribution after
exchange of the two ends 12 <+ 34. Also, ¥1 2 = ¥ or ¥, depending on whether the vertex operators

9 Reference: arXiv:0812.4408.
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i and j are on the same boundary or not; this is because:
191 (il‘ijt — % ’ it) = —192 (i.ﬁijt ’ it) (63)

The n(it) 3 factor in W;; can be further extracted using the on-shell condition o/k? = 1. More

specifically, we have:
2
ZQa’ki~kj:a'<Zki> WY R =0-n=-n (64)
i<j i i

Therefore, we have:

1 oo /
A=ig" (27r)d (;d(zi kz) H/ dxk/ dt (87T2a/t)—d/2(2ﬂ_t)n,’7(it)3n7(d72) H |Wi,j (mij,t)‘Qa ki'kj’
o * < (65)
Wi (g, t) = V1,2 (it | it) exp (—mai;t)
To further simplify the expression, collect all the numerical coefficients:

igh (2m)? (87T2a’)_d/2(27r)" =gl (2m)4 2742 (2m) "/~ V2 (2m)" = Qg (2m)" 2720/~ (66)

In our case n = 4 and d = 26.

The t integral can be magically simplified using modular transformations of the ¢ functions'?;
with t = %, we have:
Y n—1—d/2, (:\3n—(d—2) 1o |20 kik;
F(z) = i det n(it) T IW/;(@ij. 0)]
. - (67)
= [ dun(iuy @D T] ol
0 i<j
The amplitude can then be neatly written as:
1
A=igr o 22012 55 k) [ / da, F(2) (68)
o Jo

(b) The “long cylinder” limit corresponds to the ¢ — 0 contributions in the above amplitude.
Note that the full amplitude is an integral over the moduli ¢ = %,

F(x) = /0 Tz, u= S fww) = i TGl 5, (69)

i<j
We need only look at the integrand f(x,u) as u — oo, or ¢ = e~ 2™* — 0. In this case f(z,u) can be

expanded as power series; ¥4 contributions turn out to be sub-leading, hence the product only needs
to go over 4,5 on the same side, denoted as (i, j),. We have:

’
2a k,,kaj

flau) =g = [ [2sinmay > P (1+ 0(g)) (70)

(i<j)o

10 Reference: arXiv:0812.4408 and Polchinski’s summary of ¥ function properties.
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Again we can simplify using on-shell conditions and Mandelstam variables; we have:

> 20k ky =) 20k kj— > Y 20k - k;

(i<j)o i<j i,0=0j,o=1

—TL—20/ Z kl Z k‘j (71)

i,0=0 j,o=1

=—n—2ds, s:—( > kj:—( > ki>2

i,0=0 i,0=1

Where s is the mass squared of the intermediate state propagating along the long cylinder, from one
end to another. With this we find that:

[z, u) = qgn_zsj_z)*f"fsza - H |2 sin wxij|2a/ki'kj (1+0(q)

(i<i)o (72)

— q_l_% H |2 sinmvij|2a kick; (1 + O(q))

(i<i)o
Upon integrating over u, each ¢* in the power series above produces a pole in s:
o OL/S 1 1

dug ' T ¢" x — X 73
/0 I I k—1—2 " s—2L(k-1) (73)

Apparently every integer power k appears in the expansion, hence we have the full closed string
spectrum at s = %(k— 1), k=0,1,2,---.

- B

_4.
ol

Consider the tachyon pole, ie. & = 0, s = this contribution is represented as two disk
diagrams linked by a closed string tachyon propagator; each disk has 3 insertions, two incoming (or

outgoing) open string tachyons and one outgoing (or incoming) closed string tachyon.

By unitarity of the 4-point amplitude!'!, sum of all such factorized diagrams should be equal
to the original cylinder diagram; therefore, the strength of the tachyon pole, calculated from such
two-disk diagram, should be equal to our previous calculations from the cylinder diagram.

On the other hand, by unitarity of the 3-point amplitude, the incoming and the outgoing disk
diagrams have the same contributions. Therefore, we should expect that the closed string tachyon
pole strength is equal to the square of the disk amplitude with 3 insertions.

(c) For the disk diagram, we have two open string insertions at the boundary, and one close
string insertion in the disk; when mapped to the upper half plane, we can use the 3 CKVs to fix
the closed string insertion at (z, Z) and one open string insertions at x1, while integrating over the
position x5 of the remaining open string insertion:

Ap = gcgge_/\ /dxg <:céeik‘X: e} ethrXu . . gtk Xo :>
= gegyiC (2m) " 632 ki) |2 — | |2 — ||z — 2| (74)

x /dx? |z — 5\alk2/2\$1 o i H |2 — a2
i

11 Reference: Polchinski, Chapter 9.
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Again note the doubling of exponents due to the image charges. With on-shell conditions, we get:

Ap = iCgeg? (2m)? 04X ki) |2 — 1| |2 — 2|3/da:2 s e P

= iCgegs (2m)* 09(3; ki) - 4

(75)

Furthermore, C' can be fixed by comparing the 4-tachyon and 3-tachyon open string disk ampli-

tudes'?; we get:
1 _ Amige

O= g An=—g @0 k) (76)
Combined with the closed string tachyon propagator, the factorized diagram described in (b) is then
given by:
dmige\? i d 5d
A =( - ) Ty (R (77)

On the other hand, the tachyon pole in (b) is given by:

1
Ao =gy (2m)* 27420/~ 42 543 k) [ ] / dxy, F(x)
k 0

1
~ gt (2m)t 2742/~ /2 5 ki) H/ dxy, <— sin? (7o) sin?(mrsq) o (4)> (78)
o ol s — (—

b
s— (=)

Imposing Aj = Ay gives our desired relation, with Iy = v/

_ —igf,‘ (271_)3 27d/2+4a/—d/271 5d(zz kz)

93 _ 23(d_2)/47r(d_1)/2a’(d_2)/4gc _ 2187_‘_25/2[;296 (79)
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