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1 BRST Symmetry

The BRST transformation of ¢* ghost is:
oc* = %fabccbccl\, oc=106c"T, = % [e, cA]
D, =0, + A}, Ty, T, acts on ¢* by adjoint representation: (To), & = fo,c ie.
To-c=(Ty), T = o Toc® = [Tu, Ty) & = [T, d,

Dyc=0uc+[Au el =[Dy,d,
Du bc= 8# dc+ [A#,(sc],

(D, 6¢)* = 0, 6¢* + [A,, bc]”
=9, 0¢" + A [T., T " ¢
= 9, 6¢" + AC fo, oc”
= 9, 0c" + AS (T.)*, 6c
= Dy (6c%),
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ie. (Dyde)* =5 Dy (f%.c’cA) = (D, 6¢)* + 5 Du (f%.c"Acc) =0

2 Relativistic Particle

Ly=1L+ Lgs + Lgn,

1/1dx\? e
L= _— -2 - 2 4
26<c0 dt) PR

Ly = —ebe

(7)

(®)
(9)

o Fortw—t' =t—£(t), we have gauge transformation: §X* = EX*, fe = %(ef), 0L = % (&L),

replace £ — cA, and we have BRST transformation:

. . d d
M: 'u': H = — = —
60X cAX cX"A, e m (ecA) & (ec)A

e Assume nilpotency, and we have:
0 =0r0a X" = ((6ac) X¥ + oA X" N
= ((0ae) X+ ¢ (X + LXT)A) N
= (dac+ ceA) XA,

(6pe) c+ 65AC)A’

—~

5/\51\/6 =

&la &~ &l
&~

(ec)Ac—e céA) A

(e¢Ac—eceA)N =0



2 RELATIVISTIC PARTICLE 2

e The BRST transformation for c¢ is also nilpotent:

Sadare = —((0ac) &+ cOpE) N

= —(—céhé—ceeA)N =0 19

+ Gauge fixing f = e(t) — 1 = 0 can be imposed by:
§[f] ~ /CDd(t) exp (i/dtd(t) f(t)), (15)
Loy =d(t)f(t) = d(t) (e(t) — 1) (16)

The quantum action is Sy = [dt Ly, Ly = L[X, €] + Lyyle,d] + Lgne, b, c]. We want S, to be
BRST invariant, which will help determine transformation rules for b, d; consider:

8(Lgs + Lgn) = (e — 1) 6d + d de — §(ebe)
d .
=(e—1)dd+d(t) o (ec) A+ (ec) 6b (17)
d d
=(e—1)dd+ &(ec) (d(t) A —6b) + a(ecéb)
We find a natural choice of éb, dd:

§d=0, Sb=d(t)A, 8(Lys+ Lgp) = %(ec &b) (18)

e The complete quantum action is BRST invariant, since:

d d d
0L = &(fL)chA = a(CL)Av 5(Lgf + Lgh) = &(666[))’ (19)
58, = /dt 6L, = /dt (5L +6(Lgs + Lgh)) =0 (20)

o Note that % =0 = f=e—1=0. Moreover,

05, 1 1 ., 9 4 .
1 . .
d=d[X,bc] = 5 (£X?+m?ch) + be (22)
0
Therefore, it is convenient to consider the reduced Lagrangian L,[X,b,c] = (Lg)e=1,d=d|x],

where e, d are integrated out!. The symmetries are thus reduced to:

OXH =cXFA, 6b=d[X,bcA, dc=—ccA, (23)
0L, = %(CLA + ec 5b) e %(cLezl + g (%X2 + mzcé))A = %(C (iX)Q)A, (24)
L,= % (éX)2 - %m%ﬁ — be (25)

On the other hand, the on-shell variation is given by:

4 (9L, wy 9Lg _4 1xy
dt(aXu OX! 4 5b> - dt{c((%x) +d[X,b,c])}A, (26)

SoLg =

1 Reference: Polchinski.



2 RELATIVISTIC PARTICLE 3

The be term in d[X, b, ] is killed by the ¢ multiplication: ¢d[X,b,c] = ¢d[X]. Therefore, the
canonical BRST charge @ is given by:

Q. d

0=09gL, — 0L, = —A=—(cd[X])A 27
0q q dt dt (C [ ]) 9 ( )
C .
Q:Cd[X]:E(%XQ‘FmQCé) (28)
o Note that Ly, = —be = bé — & (bc) ~ bé; for future convenience, let’s replace (—bc) — bé in
the Lagrangian, and we have:
<_.
oL 1< oL 0
=—=3X e =—=(b6) = =0 29
Pu= g~ e pe= g = (g (29)
Here we adopt the “right” derivative convention, in this case the Hamiltonian:
v . C% M L 94 1,55, 2.4
H=p,X +pcc—Lq:5p,Lp +§mc0:§(pco+mco) (30)
o We have:
c . c
Q= B (%X2 + mQCg) =3 (pzc(z) + mQCé) =cH (31)

After canonical quantization, p,,p. and H are promoted to Hermitian operators, and:

Q*=cH-cH=0 (32)

o Note that:

[y XV = —id,,

[pm]:(X)] = _iau]:(X), (33)

i.e. p, acts on F(X) by X-derivative; from the path integral perspective, we have:

(pu F(X)) = / Dp DX Db De PXbel | F(X), (34)

Slp, X, b, = / at (pX* 4 be — Hpp]), (35)

[ 4 s = [ @ [atnaaise—e)~ = [ at i) = . (36)

(p F(X)) = / dt’ / Dp DX Db De (z M,‘f(t,) eiS[P’va’d) F(X) -
= /@p DX Db De e SPXobe /dt’ (—z’ 5Xf(t) )f(X),

pF )~ [t (i ) OO0 = i g A 0) (39)

For e®+X" |0}, F(X) = X" it is Q—closed iff.

0= QX" 0) = £ (e + mich) ™" o)
€ (12,2 2 4 ( ik, X" (39)
=5 (K*c§ + m?cp) (e |0)),
k*cy = kyk"c§ = —E? + kK*c§ = —m’cg, (40)

Or E? = k?c} + m?c§. This is the dispersion relation of a relativistic particle.
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