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1 BRST Symmetry

The BRST transformation of ca ghost is:

δca =
1

2
fa

bc c
bccΛ, δc = δca Ta =

1

2
[c, cΛ] (1)

Dµ = ∂µ +Aa
µ Ta, Ta acts on ca by adjoint representation: (Ta)

c
b c

b = f c
ab c

b, i.e.

Ta · c = (Ta)
c
b c

b Tc = f c
abTc c

b = [Ta, Tb] c
b = [Ta, c], (2)

Dµc = ∂µc+ [Aµ, c] = [Dµ, c], (3)
Dµ δc = ∂µ δc+

[
Aµ, δc

]
, (4)

(Dµ δc)
a = ∂µ δc

a +
[
Aµ, δc

]a
= ∂µ δc

a +Ac
µ

[
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]a
δcb

= ∂µ δc
a +Ac

µ f
a
cb δc

b

= ∂µ δc
a +Ac

µ (Tc)
a
b δc

b

= Dµ(δc
a),

(5)

i.e. (Dµ δc)
a − 1

2
Dµ

(
fa

bc c
bccΛ

)
= (Dµ δc)

a +
1

2
Dµ

(
fa

bc c
bΛcc

)
= 0 (6)

2 Relativistic Particle
Lq = L+ Lgf + Lgh, (7)

L =
1

2e

(
1

c0

dX
dt

)2

− e

2
m2c40, (8)

Lgh = −eḃc (9)

• For t 7→ t′ = t− ξ(t), we have gauge transformation: δXµ = ξẊµ, δe = d
dt
(
eξ
)
, δL = d

dt
(
ξL

)
,

replace ξ 7→ cΛ, and we have BRST transformation:

δXµ = cΛẊµ = cẊµΛ, δe =
d
dt

(
ecΛ

)
=

d
dt

(
ec
)
Λ (10)

• Assume nilpotency, and we have:

0 = δΛδΛ′Xµ =
(
(δΛc) Ẋ

µ + c δΛẊ
µ
)
Λ′

=
(
(δΛc) Ẋ

µ + c
(
ċẊµ +���cẌµ

)
Λ
)
Λ′

= (δΛc+ cċΛ) ẊµΛ′,

(11)

δΛc = −cċΛ (12)

δΛδΛ′e =
d
dt

(
(δΛe) c+ e δΛc

)
Λ′

=
d
dt

(
d
dt

(
ec
)
Λc− e cċΛ

)
Λ′

=
d
dt

(
eċΛc− e cċΛ

)
Λ′ = 0

(13)
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• The BRST transformation for c is also nilpotent:

δΛδΛ′c = −
(
(δΛc) ċ+ c δΛċ

)
Λ′

= −
(
−cċΛ ċ− c cċΛ

)
Λ′ = 0

(14)

• Gauge fixing f = e(t)− 1 = 0 can be imposed by:

δ
[
f
]
∼
ˆ

Dd(t) exp
(
i

ˆ
dt d(t) f(t)

)
, (15)

Lgf = d(t)f(t) = d(t)
(
e(t)− 1

)
(16)

The quantum action is Sq =
´

dt Lq, Lq = L[X, e] + Lgf [e, d] + Lgh[e, b, c]. We want Sq to be
BRST invariant, which will help determine transformation rules for b, d; consider:

δ(Lgf + Lgh) = (e− 1) δd+ d δe− δ
(
eḃc

)
= (e− 1) δd+ d(t)

d
dt

(
ec
)
Λ +

(
ec
)
δḃ

= (e− 1) δd+
d
dt

(
ec
) (

d(t) Λ− δb
)
+

d
dt

(
ec δb

) (17)

We find a natural choice of δb , δd:

δd = 0, δb = d(t) Λ, δ(Lgf + Lgh) =
d
dt

(
ec δb

)
(18)

• The complete quantum action is BRST invariant, since:

δL =
d
dt

(
ξL

)
ξ 7→cΛ

=
d
dt

(
cL

)
Λ, δ(Lgf + Lgh) =

d
dt

(
ec δb

)
, (19)

δSq =

ˆ
dt δLq =

ˆ
dt

(
δL+ δ(Lgf + Lgh)

)
= 0 (20)

• Note that δSq

δd = 0 ⇒ f = e− 1 = 0. Moreover,

δSq

δe
= 0 =⇒ −1

2

(
1

e2c20
Ẋ2 +m2c40

)
+ d− ḃc = 0, (21)

d = d[X, b, c] =
1

2

(
1
c20
Ẋ2 +m2c40

)
+ ḃc (22)

Therefore, it is convenient to consider the reduced Lagrangian Lq[X, b, c] = (Lq)e=1, d=d[X],
where e, d are integrated out1. The symmetries are thus reduced to:

δXµ = cẊµΛ, δb = d[X, b, c]Λ, δc = −cċΛ, (23)

δLq =
d
dt

(
cLΛ + ec δb

)
e=1

=
d
dt

(
cLe=1 +

c

2

(
1
c20
Ẋ2 +m2c40

))
Λ =

d
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(
c
(

1
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Ẋ
)2 )

Λ, (24)

Lq =
1

2

(
1
c0
Ẋ
)2 − 1

2
m2c40 − ḃc (25)

On the other hand, the on-shell variation is given by:

δ0Lq =
d
dt

(
∂Lq

∂Ẋµ
δXµ +

∂Lq

∂ḃ
δb

)
=

d
dt

{
c
((

1
c0
Ẋ
)2

+ d[X, b, c]
)}

Λ, (26)

1 Reference: Polchinski.
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The ḃc term in d[X, b, c] is killed by the c multiplication: c d[X, b, c] = c d[X]. Therefore, the
canonical BRST charge Q is given by:

0 = δ0Lq − δLq =
dQ
dt Λ =

d
dt

(
c d[X]

)
Λ, (27)

Q = c d[X] =
c

2

(
1
c20
Ẋ2 +m2c40

)
(28)

• Note that Lgh = −ḃc = bċ − d
dt
(
bc
)
∼ bċ; for future convenience, let’s replace (−ḃc) 7→ bċ in

the Lagrangian, and we have:

pµ =
∂L

∂Ẋµ
= 1

c20
Ẋµ, pc =

∂L

∂ċ
≡

(
bċ
)←−∂
∂ċ

= b (29)

Here we adopt the “right” derivative convention, in this case the Hamiltonian:

H = pµẊ
µ + pc ċ− Lq =

c20
2
pµp

µ +
1

2
m2c40 =

1

2

(
p2c20 +m2c40

)
(30)

• We have:
Q =

c

2

(
1
c20
Ẋ2 +m2c40

)
=

c

2

(
p2c20 +m2c40

)
= cH (31)

After canonical quantization, pµ, pc and H are promoted to Hermitian operators, and:

Q2 = cH · cH = 0 (32)

• Note that:

[pµ, X
ν ] = −iδνµ, [pµ,F(X)] = −i∂µF(X), (33)

i.e. pµ acts on F(X) by X–derivative; from the path integral perspective, we have:⟨
pµ F(X)

⟩
=

ˆ
Dp DX Db Dc eiS[p,X,b,c] pµ F(X), (34)

S[p,X, b, c] =

ˆ
dt

(
pµẊ

µ + ḃc−H[p]
)
, (35)

ˆ
dt′ δS

δXµ(t′)
=

ˆ
dt′
ˆ

dt pµ ∂t δ(t− t′) ∼ −
ˆ

dt′ ṗµ(t′) = −pµ, (36)

⟨
pµ F(X)

⟩
=

ˆ
dt′
ˆ

Dp DX Db Dc

(
i

δ

δXµ(t′)
eiS[p,X,b,c]

)
F(X)

=

ˆ
Dp DX Db Dc eiS[p,X,b,c]

ˆ
dt′

(
−i δ

δXµ(t′)

)
F(X),

(37)

pµ F(X) ∼
ˆ

dt′
(
−i δ

δXµ(t′)

)
F(X) = −i ∂

∂Xµ
F(X) (38)

For eikµX
µ |0〉 , F(X) = eikµX

µ , it is Q–closed iff.

0 = QeikµX
µ

|0〉 = c

2

(
p2c20 +m2c40

)
eikµX

µ

|0〉

=
c

2

(
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)(
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µ

|0〉
)
,

(39)

k2c20 = kµk
µc20 = −E2 + k2c20 = −m2c40, (40)

Or E2 = k2c20 +m2c40. This is the dispersion relation of a relativistic particle.
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