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1 Local Transformation

SAL = 9N (x) + [ ALN (), (1)
Here fupc is the totally anti-symmetric structure constant for a semi-simple Lie algebra g, with
generators {7, }, and normalized Killing form d,p.

o The field strength is defined as follows:
Fu =F, T, = [Dy, Do) = [au + Aus Oy + A,,]
=dA+ANA (2)
=0,4, —0,A, + f“bCAZAﬁ T,
Adjoint indices a,b,--- are sometimes suppressed by contracting with T,’s. By exploiting

the anti-symmetric property of f%, , along with the Jacobi identity, we get the infinitesimal
transformation:
SFS, = 0, 6A% — 0, 0AY + [, 6(A}AL)
= [%e (/\C (0, AL — 0,A%) + (AD 9N — AD 9,A°) + 5(AL, Ag))
= £ (X
= £ (X
= L (N (Bl = FacARAT) = (Foa ALALN = [ AL ALY )
= [%AF, 5,/ (3)

Fl, = Pl ALAS) + (A0 (645 — o0 ALXY) — A (345 — f%, ALX)) +6(45,47))
Fhy = a ALY = (Fa LA = o A2

pnity

When contracted with Ty, this yields:

5Fu = XF), f%.Ta = AF), [Ty, T.] = Fuy - A = A+ Fpy, (4)
A= )\C(‘r) Tm F,ul/ = Fﬁu Tbv (5)
Fo — e M@Tap o A@)T, (6)

The exponentiation is valid even for local A = A(x), since it is produced by integrating along
the fiber direction A — A, not the spacetime direction x. This is the finite transformation
w.r.t. A(z).

e For any matter field ¢ furnishing a representation of g, we have:

Top = (To)'; 07, 60 = =A(x) Tarh, (7)
P — e MO Tay, (8)
D,y — e N@Tap oy 9)

In fact, (1) is chosen to ensure that D, transforms gauge covariantly just like ¢. Therefore,
D,=0,+4, — e A @ Ta g D,o M (@) Ta

e Ao (0, +A,)oet (10)

=e o0t +e M, e A=A (2) T,

A, — e M0 e M A et =T, 0,0 () +e A, et (11)
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e F?2=FAF, we have:

F2=(dA+ANA)A(dA+ANA)

12
=dANdA+dANANA+ANANAA+ANANANA (12)
The last term is proportional to egpeq T T? T¢T?, hence its trace will vanish; therefore,
trF? =tr (dAAdA+dANANA+ANANAA)
2
=tr <d(dA/\A)+ 3d(A/\A/\A)> (13)
2
=dtr <dA/\A—|—3A/\A/\A) =dw,
2
w:tr(dA/\A+3A/\A/\A) (14)
|
2 Relativistic Particle
L—i ldiXQ € 24 (15)
2 \c dt 2 e
e Fort—t =t—¢&(t), we have X'(¢') = X(t), therefore:
dx# :
SXM = — 5t = £(t) X", (16)
dt
Or more explicitly, X*(t) — X*(t) + £(t) X*.
e We have: ) e 1 5
or— L gxn 0 L g2 %€ 2
ec? 2 e2c? 2 (17)
1 R 1 .. de 1 .- de
- poy _t o fy2 06 L o 0€ o 4
ec? X XE ec? §X 2 6202X g e

For S = [dt L to be invariant, 6L should be reduced to a total derivative, which can then be
reduced to some vanishing boundary terms.

Consider de = %(ef) = &€ + e€, and we have:

1 C 1 .. é . d /1

- 1 - 2 P et 2 4
oL ec? SXu XV 2ec? X 2e2¢? X dt (2 esme )

d 1 d (18)
_ ¢ X2 _ & 204 _ 4

dt{(?ec2 g M ¢ >§} dt(gL)

Indeed we get a total derivative; therefore,
d
o = 2 (c€), 55:/5L:/d(§L) ~0 (19)

e ¢(t) can be seen as a gauge field coupled to X, which captures the t-reparametrization re-
dundancy through the gauge transformation parameter £(¢). A natural gauge choice is fixing
f =e(t)—1 =0, which is equivalent to setting ¢ = 7: the proper time, or affine parametrization
for the massless case.
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The gauge invariant path integral is constructed as follows:

Z= f@f/@XCDee

_m/@X@eeiS/@fa[f]
/@X@ee’s/®§5 fe] det ofe

~ Joe CDE 8¢
0f¢

I@E /be/@X@ee’Sé[f]det 52 (20)

f@g /@g/@xg@e£ ¢ 5[ f] det 5@‘5

S f§
fgg/@f/CDX@ee 5[f]det§§ o
dfe
0& =0

€g

/@X@e e 5[ f] det ==

Here the gauge-transformed quantities are marked with a & subscript. Note that in the
final expression, f is not integrated out and can be any possible gauge-fixing function, i.e.
(5[]”] det %) is in fact f-independent.

£=0

These are the first steps of the Faddeev—Popov (FP) procedure; it achieves several things at
once: first it imposes a gauge-fixing f = 0, and then it removes the gauge redundancy with the

help of FP determinant (det %) , while implicitly imposing the constraints resulted from

=0 ,
the gauge-fixing process. The constraints implemented by (det %)g—o can be made explicit

with the help of BRST formalism.

The gauge-fixing term ¢ [ f] can be replaced by a Gaussian packet with width parameter (.
More rigorously, up to an overall constant coefficient, we have the following equivalence:

3] ~ 15 = fo] ~ [ Do exp (—;C/dtfg)é[f—fo] ~ exp (i/dtLgf>, (21)
Ly = o f? = e le =11, 22

Here fy is some gauge-invariant shift of f, namely (fy)e = fo. fo can be seen as a non-
dynamical auxiliary field that enforce the gauge fixing, much similar to a Lagrange multiplier.
On the other hand, the determinant can be evaluated using Faddeev—Popov (FP) ghosts b, c:

det P ~ /CZ)b De exp (i/dt/dt’b(t) ~P(t,t’)-c(t’)), (23)
‘;ﬁg L_O 55((2/) ‘5_0 (e + %(ef) - 1>(t) = %(e(t) S(t — t/)), (24)

det 5f5 ’ /@b De exp( /dt/dt b(t (t—t’)) c(t’)>
~ /@b De exp (—i/dtebc),

Lgn = —ebe (26)
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In summary, we have:

Z= /@X De Db De e, S, = /dtLq, (27)
1 .
Lq=L+Lgf+Lgh:L—Q(e—n?—ebc, (28)
Sq is the quantum action under the gauge-fixing condition f =e(t) — 1 =0. |
3 2D o-Model
1
L =5 0 X" X,V —hhP X:xbt 5 RPLE (29)

e The action is diff-invariant; under o% — o + £%, we have:
X% =LeX*,  Sh*P = LehP (30)
Ly is the Lie derivative along £*. Note that 0 = (5(ha5hﬁ7), hence we have:
Shap = —haahss 6h* P = €10 hap + (00”) has + (95E7) hay = Lehag, (31)

1
5V —h = ix/jhh“ﬂ Shag (32)

Furthermore, we have L dX = d(L¢X), i.e. 046X = 0oLeX = 0q (5787)() =L (8aX).
Note that due to the v/—h factor, £ is not a scalar but a scalar density. For convenience,
define L = L+/—h, then JL = —% hoB 9, X H 0pX,, is a scalar; using chain rule, we obtain:

5L = V=hoL +L5vV=h
=V=hLeL + L6V
= V=he10,L +LIV-h
=0, <§7f\/—h) L (\/—h (0,€7) + €7 (87\/41)) + LoV
—0,(0L) - L (\/—h (0,€7) + €7 (8V/—h) — 6\/—h>

8, (87L) — LV=h (a,y@ + %@ hP8 hap — % hed 5ha,3>

00(67.) = /T (0,6 = 10 (0067 ho + (0567 )
8,(67L) — LV=h (6757 - 875”)
0,(87L)

We see that §.L is a total derivative, hence S = fdQU 6L = 0, i.e. the action is diff-invariant.
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 The action is Weyl invariant; with 6h*% = —\(c) h®?, we have:
6(V=RR) = V=Roh? 4 1P 6v/=h
=V=hh"? (—)\ - % hargr 5ha'ﬁ’>

=V-hh*? (—A + % A haf/g/h‘l,B) (34)
= V—hh? (—A + ; )\)
=0

Here we’ve used the fact that hagh®® = §% = 2. Therefore, 6L = —3 0o X" 05X ,,0 (V—hh*P) =

0, i.e. the action is Weyl invariant.

e FP quantization of this system follows the same recipe as the point particle case above:
= /CZ)X Dh Db De e, S, = /dgoi’q, (35)
Ly =L+ Lys+ Lon (36)

Given gauge fixing: f*# = hof — h?oﬂ) we have:

Lo = =3¢ L yasg T = (h“ﬁ hfoﬁ)) (hag - hg};)\/fh (37)

The FP ghost term Ly, is given by functional determinant; we have:

5]?6(0) 0 aB aB

e |, 5e@) |, T o (#8)
=6(0c —0")0,h*" = 62 0°5(c — 0') — 65 0*6(0 — o) (39)
= —02VP6(0 —o') = 0 V(0 — o), (40)

CoR ) —d(o — ') h*", (41)

Here we've replaced  with V which commutes with the metric hqp. Define =8 = (£7,)) to
combine all gauge parameters, and use fermionic FP ghosts: bag, cl' = (¢7, ) to contract the
indices; after some integration by parts, we have:

6f¢% (o)

dEté =)

/@bag DcY D’ exp ( /dzg V—hbag (—VB > v — haﬁC/)) (42)

To simplify the action, it is common!

to integrate ¢’ out, which constrains b,g to be
symmetric traceless: bagh“ﬁ = b = 0. The resulting b,s has 2 degrees of freedom, same as

c’.

L References: Tong: http://damtp.cam.ac.uk/user/tong/string.html, and also Polchinski.


http://damtp.cam.ac.uk/user/tong/string.html
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In the end, we have:

3£ (o)

= (o)

det

~ /CDbag DcY exp <—2i/d20 V—hbag Vo‘cﬁ)
0

Therefore, FP quantization with f# = h*8 — h(aoﬁ yields:

Z= /CDX DhP Dbops DY €S, S, = /d%—xq, Ly =L+ Ly + Lyn,

Lyy = _?2 faﬁfaﬂ\/j = _i (haB - h?f)) (haﬁ - hfé)ﬂ7

Ly = —2bops VPV —h
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